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external fields    ￼   for each ￼  λv ∈ ℝq
≥0 v ∈ V

interaction matrix    ￼   for each ￼  Ae ∈ ℝq×q
≥0 e ∈ E
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two states 

(Multi-) Spin Systems
Ising model 

external fields λ 1

interaction 
β
1

models weighted matchings 

hardcore model 
two states 

external fields λ 1

interaction 

models weighted independent sets 

1
0

￼  states q
Potts model 

external fields 1

interaction 
￼  (ferromagnetic): models clusteringsβ > 1

β
others 1

￼  (antiferromagnetic): models (soft) ￼ colorings β < 1 q−
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Computational Phase Transition

computational complexity of the sampling problem 

changes sharply around some parameters of ￼𝒮
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Output: a random configuration ￼
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X ∼ μ

0utside the “uniqueness regime”: sampling is ￼ -hard! [SS ’14, GŠV ’16]  
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For some typical models (Ising, hardcore): 
 

Sampling from Spin Systems

0utside the “uniqueness regime”: sampling is ￼ -hard! [SS ’14, GŠV ’16]  
within the “uniqueness regime”: Glauber dynamics mixes in near-linear time! [CLV ’20] 

NP

Glauber dynamics

For some typical models (Ising, hardcore): 
 

Start with arbitrary configuration ￼  with ￼ ; 

At each time ￼  : 

 Pick a vertex ￼  uniformly at random; 

 Resample ￼ ; 

 Return ￼ ;

σ w(σ) > 0
1 ≤ t ≤ T

v ∈ V

σv ∼ μv ( ⋅ ∣ σV∖{v})
σ

converges to ￼  as ￼ !μ T → ∞

Computational Phase Transition
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Given a partial configuration ￼  over ￼  and a vertex ￼ ,  

estimate the conditional marginal probability distribution ￼  
 

σΛ Λ ⊆ V v ∈ V∖Λ
μσΛ

v ( ⋅ )

Λ

v

Can these locally defined sampling problems 
be solved at at a local cost?

sample ￼   
and take ￼

X ∼ μσΛ( ⋅ )
Xv

generating ￼  may  
be too costly… 

X

(Bayesian) probabilistic inference
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Local Sampling

Input: a spin system ￼ , a vertex subset ￼  
Output: a random configuration ￼  with local computation costs

𝒮 = (G = (V, E), (λv)v∈V, (Ae)e∈E) Λ ⊆ V
XΛ ∼ μΛ

probabilistic inference deterministic (approx.) 
counting

distributed sampling

Related definition: local access to random objects [BRY ’20]  
                                   (sampling variant of Local Computation Algorithms)

Applications:

Local Sampling Problem
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• extension of the “Coupling Towards The Past” framework in [FGWWY ’23]
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β
1

marginal 

Pr[ ] = λβ#N( )

+λβ#N( ) #N(β )

Pr[ ] =
+λβ#N( ) #N(β )

#N(β )

need ￼ neighbors checked￼𝔼[ ] ≤ 1

for ￼ : 
for each ￼ : 

if ￼ :  
resolve ￼ , go to next outer iter. if opposite color; 
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Efficiency Analysis

We carefully design a potential function ￼  that 

• ￼  depends on the state of the algorithm; 

• ￼  upon termination; 

• ￼  evolves as a supermartingale with bounded differences.

Φ
Φ = Φ(Π) ≥ 0
Φ = 0
Φ



Open problems

Summary
We propose 
• the first local sampler for near-critical Ising model; 

• the first local sampler for ￼ -coloring (with ￼  ); 
Our local samplers are perfect, runs in expected linear time, and is based on an extension of the 
Coupling Towards The Past (CTTP) framework.

q q = O(Δ)

• Can local samplers achieve the exact critical thresholds/lower bounds ? 
• Can local samplers achieve the thresholds for perfect sampling? (i.e., bounds achievable by  
Coupling From The Past method for ￼ -colorings) 
•  More applications of local samplers?  
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Thanks! Any questions?


