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Constraint Satisfaction Problem
O =(V,0,%)

Variables: V = {v,, v,, ..., v, } with finite domains Q, foreachv € V

Constraints: ¢ = {c,, ¢», ..., c, } with each ¢ € € defined on vbl(c) C V

C: ® (), — {satisfied, not satisfied}

vevbl(c)

CSP solution: assignment X € ® (), s.t. all constraints are satisfied

vevV



Constraint Satisfaction Problem
O =(V,0,%)

Variables: V = {v,, v,, ..., v, } with finite domains Q, foreachv € V

Constraints: ¢ = {c,, ¢», ..., c, } with each ¢ € € defined on vbl(c) C V

C: ® Q, — {satisfied, not satisfied}

vevbl(c)

CSP solution: assignment X € ® 0, s.t. all constraints are satisfied

vevV

Constraint satistaction 1s a subject of central significance 1n computer science,
since a very large number of combinatorial problems, starting from Boolean
Satishability and Graph Coloring, can be phrased as constraint satistaction

problems (GSP).



Constraint Satisfaction Problem
O =(V,0,%)

Variables: V = {v,, v,, ..., v, } with finite domains Q, foreachv € V

Constraints: ¢ = {c¢;, ¢, ..., C,,} with each ¢ € € defined on vbl(c) C V

C: ® Q, — {satisfied, not satisfied}

vevbl(c)

CSP solution: assignment X € ® (), s.t. all constraints are satisfied

vevV

D=(x; VX Vi) A(Tx; Vx5V xg) A (X3 VX, V —ixs)

Boolean Satisfiability (SAT) Graph Coloring Logic Puzzles



A leitmotif of TCS: What makes a problem computationally easy/hard?

Decision problem:
Can we efficiently decide
if CSP has a solution?

CSP1In ICS
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Cook-Levin Theorem: Boolean satisfiability 1s NP-complete

Turing Award 1982, foundation of computational complexity

SIAM J. COMPUT. (© 1998 Society for Industrial and Applied Mathematics
Vol. 28, No. 1, pp. 57-104

THE COMPUTATIONAL STRUCTURE OF MONOTONE MONADIC
SNP AND CONSTRAINT SATISFACTION: A STUDY THROUGH
DATALOG AND GROUP THEORY"*

TOMAS FEDER! AND MOSHE Y. VARDI?

58th Annual IEEE Symposium on Foundations of Computer Science

A Proof of the CSP Dichotomy Conjecture
A dichotomy theorem for nonuniform CSPs

Andrei A. Bulatov DMITRIY ZHUK, Lomonosov Moscow State University, Russia

School of Computing Science
Simon Fraser University

CSP Dichotomy Theorem: Every CSP(1’) is either in P or NP-complete

characterized through algebraic properties of constraint languages |



CSPIn ICS

A leitmotif of TCS: What makes a problem computationally easy/hard?
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PCP Theorem: foundation of hardness of approximation
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Optimization problem: Optimal Algorithms and Inapproximability Results for
. Every CSP?
Can we efficiently
approximately compute a solution?

X

[Extended Abstract]

Prasad Raghavendra *f
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Raghavendra’s Theorem (informal): Assuming the UG, a canonical SDP
characterizes the optimal approximation ratio of every finite-domain CSP.



CSP1In ICS

A leitmotif of TCS: What makes a problem computationally easy/hard?
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PP IS AS HARD AS THE POLYNOMIAL-TIME HIERARCHY*
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Toda’s Theorem: PHCP*Y
Godel Prize 1998

The Complexity of the Counting Constraint Satisfaction Problem

ExaCt COuntlng prOblem : ANDREI A. BULATQV, Simon Fraser University
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Counting Dichotomy Theorem: Every #CSP(1") 1s either in FP or #P-complete.
Godel Prize 2021



CSPIn ICS

A leitmotif of TCS: What makes a problem computationally easy/hard?

Approximate Counting problem:
Can we efficiently estimate
the number of solutions?

Our focus!



CSPIn ICS

A leitmotif of TCS: What makes a problem computationally easy/hard?

Approximate Counting problem:
Can we efficiently estimate
the number of solutions?

Our focus!

self-reduction

[Jerrum, Valiant, Vazirani 1986]

Almost Uniform
Sampling

Approximate
Counting

adaptive simulated annealing

[Stefankovi¢, Vempala, Vigoda 2009]

Approximate Counting, Uniform Generation

: y . APPROXIMATING THE PERMANENT*
and Rapidly Mixing Markov Chains*

MARK JERRUMT AND ALISTAIR SINCLAIR®

ALISTAIR SINCLAIR AND MARK JERRUM

Equivalent to almost uniform sampling for self-reducible problems
Godel Prize 1996, “Markov chain renaissance”



CSPIn ICS

A leitmotif of TCS: What makes a problem computationally easy/hard?

self-reduction

[Jerrum, Valiant, Vazirani 1986]

Almost Uniform
Sampling

Approximate

N . ntin
adaptive simulated annealing Counting

[Stefankovi¢, Vempala, Vigoda 2009]

Approximate Counting, Uniform Generation

,\ AL - — and Rapidly Mixing Markov Chains* APPROXIMATING THE PERMANENT®

7"“--5 j:‘w/k / ’j’ MARK JERRUM?T AND ALISTAIR SINCLAIR®
yd \ "\I;/{-?S’Z\\ _‘\‘:\ ALISTAIR SINCLAIR AND MARK JERRUM

,:"_\v/%l TN /\;'I ) ” . I .
S =Y Equivalent to almost uniform sampling for self-reducible problems
/A . : : :
/! | f Godel Prize 1996, “Markov chain renaissance”
A
Approximate Counting prgblem; An approximation trichotomy for Boolean #CSP *
Can we eﬂ'—'lciently estimate Martin Dyer?, Leslie Ann Goldberg®?, Mark Jerrum ©*

ANe?
the number of solutions: Boolean Approximate Counting Trichotomy Theorem:

Our focus! Every Boolean #CSP(1') 1s: 1. 1n FP 2. #BIS-equivalent 3. #SAT-equivalent

#BIS: approximately counting # of
independent sets in a bipartite graph



[ovasz Local Lemma
O = (V, Q, Cg) Parameters

» each v € Vdraws from Q, uniformly * violation probability p = max I;f[_'c]

and independently at random

Variable framework

* dependency degree

D = maé( | {c’ € E\{c]} | vbl(c) N vbl(c’) # D} |

e product distribution &
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CEC X

Variable framework
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tl
and independently at random * dependency degree
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e product distribution &

| ovasz Local Lemma

[Erdos, Lovasz ’75]

ep(D + 1) < 1 ﬁ A CSP solution exists!



[ovasz Local Lemma
O = (V, Q, %) Parameters

e violation probability p = max Pr[ —¢]
CEC X

Variable framework

« eachv € Vdraws from Q, uniformly

: \%
and independently at random * dependency degree

« product distribution &2 D = max | {¢’ € €\{c} | vbl(c) N vbl(c") # B} |
cEC

Lovasz Local Lemma
[Erdos, Lovasz ’75]

A CSP solution exists!

ep(D+1)< 1

&

Proof by probabilistic method...

Solution can be exponentially sparse! Finding needle in a haystack?




Lovész [Local Lemma
— (V Q %) Parameters

e violation probability p = max Pr[ —¢]
CEC X

Variable framework

« eachv € Vdraws from Q, uniformly

tl
and independently at random * dependency degree

D = maq;( | {c’ € E\{c]} | vbl(c) N vbl(c’) # D} |

e product distribution &

Lovasz Local Lemma
[Erdos, Lovasz ’75]

ﬁ A CSP solution exists ,
> % (D T 1) < I | | | and can be efficiently found! |

Algorithmic Lovasz Local Lemma
[Moser, Tardos '10]
Godel Prize 2020

Moser-Tardos Algorithm:
draw independent samples of X, ..., X ;

while 3 a bad event A, that occurs:
resample all XJ € vbl(A));




Counting/Sampling Lovasz Local Lemma

Counting LLL: approximately count the number of CSP solutions

Sampling LLL: almost uniformly sample a random CSP solution under LLL-like conditions

L S,

Lx % —f\j,..f DE < 1
TON N ‘Q
7\/\? \\\/;;\\“ p ™~




Counting/Sampling Lovasz Local Lemma

Counting LLL: approximately count the number of CSP solutions

Sampling LLL: almost uniformly sample a random CSP solution under LLL-like conditions

C% "'\f/” DE < 2}
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Applications:

statistical physics probabilistic inference high-dimensional integration



Counting/Sampling Lovasz Local Lemma

Counting LLL: approximately count the number of CSP solutions

Sampling LLL: almost uniformly sample a random CSP solution under LLL-like conditions

BT c
~ial pDtS

[Bezikova, Galanis, Goldberg, Guo, Stefankovi¢ 16]: pD? > 1 for monotone CNF
(Galanis, Guo, Wang "23]: pD? > 1 for hypergraph colorings

Counting/Sampling is inherently harder!



Challenges for LLL Distribution

D=V xVX3)A (DX VxsVxg) A(xgVxy V-xs) D' = (x)) A(Dx; Vx5V xg) A (Dxy V xs)

Non-self-reducibility: LLL condition may degrade after pinning



Challenges for LLL Distribution

T'he solution space (and hence the natural Markov chain) 1s not connected.
g MR

MATHEHATICS
t COMPUTATION

TECHNOLOEY AND SClENCE
Au/,' M;ﬂ(ell_s'oﬂ

[Wigderson 20]
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rapid mixing slow mixing not mixing

Connectivity Barrier: The state space 1s not connected



Challenges for LLL Distribution

u2: marginal probability of v conditioning

Weak Spatial Mixing (WSM): Vo,t € Q, : | — p; |y < 8(distg(v, A))

Strong Spatial Mixing (SSM): Vo, 7 € @, that differon A : | — u; |, < o(distg(v, A))




Challenges for LLL Distribution

u2: marginal probability of v conditioning
Weak Spatial Mixing (WSM): Vo,t € Q, : | — p; |y < 8(distg(v, A))
Strong Spatial Mixing (SSM): Vo, 7 € @, that differon A : | — u; |, < o(distg(v, A))

long-range dependencies exist
when D = O(k)

Green clause:
wants at least one green

Red clause:
wants at least one red

Failure of Spatial Mixing: (old notions) of correlation decay does not hold



Counting/Sampling Lovasz Local Lemma

Counting LLL: approximately count the number of CSP solutions

Sampling LLL: almost uniformly sample a random CSP solution under LLL-like conditions

BT c
~ial pDtS

[Moitra *17]: pD6O < | for k-CNF

(Guo, Liao, Lu, Zhang "18]: pD'* < 1 for hypergraph coloring

[Hermon, Sly, Zhang *19]: pD? < 1 for monotone k-CNF, fast sampler

[Feng, Guo, Yin, Zhang "20]: pD?° < 1 for k-CNF, fast sampler

|Feng, He, Yin "21]: pD350 < 1 for atomic CSPs, fast sampler

[Jain, Pham, Vuong *21b]: pD’ < 1 for general CSPs

|[Jain, Pham, Vuong '21a, He, Sun, Wu "21]: pD5'71 < 1 for atomic CSPs, fast sampler



Previous efficient algorithms: require additional assumptions

Technique: Projection + MCMC

|Feng, Guo, Yin, Zhang ’20]
[Feng, He, Yin "21]
[Jain, Pham, Vuong "21a]
[He, Sun, Wu ’21]

works for atomic CSPs:
¢~ !(False)| = Constant

r pucC .
for every c € [, p2 = Y plucc uco

—X,Y

y y
for every c € [q], p’ = Z D i

0<p” ,p7 <1

Technique: Coupling + LP

[Moitra "17]
|Guo, Liao, Lu, Zhang ’ 18]
[Jain, Pham, Vuong ’21b]

works for sparse CSPs:
D = Constant




Previous efficient algorithms: require additional assumptions

Technique: Projection + MCMC

|Feng, Guo, Yin, Zhang ’20]
[Feng, He, Yin "21]
[Jain, Pham, Vuong "21a]
[He, Sun, Wu ’21]

works for atomic CSPs:
¢~ !(False)| = Constant

r pucC .
for every c € [, p2 = Y plucc uco

—X,Y

for every c € [q], Bg:,y = Z Z_?Zuﬁcf,ym_c;

0<p” ,p7 <1

Technique: Coupling + LP

[Moitra "17]
|Guo, Liao, Lu, Zhang ’ 18]
[Jain, Pham, Vuong ’21b]

works for sparse CSPs:
D = Constant

Can we efficiently count/sample general CSP solutions?



Our Results: Fast Sampling for General CSPs

We obtain the first efficient sampling algorithm for general CSPs under
LLL regime with improved condition [He, W., Yin, 22, 23]

Improved condition Near-linear running time
150e° - g? - k- (D+ 1) <1 poly(q, k, D) - nlog n expected
g: domain size  k : constraint width n = | V| : number of variables

Remains the only efficient sampling algorithm for general CSPs up to date.

Based on a non-Markov chain based new recursive sampling technique | Anand, Jerrum 23]



Ensures self-reduciblity for a weaker LLL parameter p’

First used in [Bec "91] for algorithmic LLL (finally leads to pD* < 1)



Witness argument
algorithm running too long = a large witness occurs (happens with very small probability)

previous witness: {2,3}-tree [Jain, Pham, Vuong '21] = pD’ <1

denser witness: generalized {2,3 }-tree [He, W., Yin, 23| = pD5 <1



We believe that our analysis lays bare the limits of this (freezing) approach ... even
for the algorithmic LLL, {2,3}-trees only lead to D* instead of D, and being able to

use “denser witness trees” was the major innovation in the works of Moser | Mos "09]
and Moser and Tardos |Moser, Tardos "10].



General CSPs

Atomic CSPs

Boolean domain
(k-SAT)

large domain
(hypergraph g-coloring)

(approx) counting tractable

D5

(approx) counting tractable

(approx) counting intractable = searching intractable

|She 98, MT’10]

D? D

(approx) counting intractable searching intractable

[She ’98, MT’10]

[She ’98, MT’10]




General CSPs

Atomic CSPs

Boolean domain
(k-SAT)

large domain
(hypergraph g-coloring)

(approx) counting tractable

D3 D?

(approx) counting tractable

GAP!

(approx) counting intractable

D

searching intractable

|She 98, MT’10]

[She ’98, MT’10]

[She ’98, MT’10]

D> D> D?

What is the critical threshold?

(approx) counting intractable searching intractable




General CSPs

Atomic CSPs

Boolean domain
(k-SAT)

large domain
(hypergraph g-coloring)

(approx) counting tractable

D5

(approx) counting tractable

(approx) counting intractable

D2

|She 98, MT’10]

D

searching intractable

(approx) counting intractable searching intractable

[She ’98, MT’10

'98, MT'10]
[She ’98, MT’10]

—1



Our Results: Sampling LLL for Large Domain

Condition. (Condition for sampling/counting atomic CSPSs)

® = (V, @, ¢)is an atomic CSP satisfying
8e)-p-(D+ 1) <1,
21n(2 = 1/g)

where ¢ = =
Ing—In(2 -1/q)

0,(1)

Theorem. (Sampling/Counting atomic CSPs for large domain sizes)

We give poly-time sampling/counting algorithms for atomic CSPs satisfying condition above.

Running time: nPoY&:D:log @)



(A new form of) Decay of Correlation

Condition. (Condition for sampling/counting atomic CSPs for large domain sizes)

® = (V, @, ¢)is an atomic CSP satisfying
8e)-p-(D+ 1) <1,

20Q - 1/g) 0

where ¢ = =
Ing—In2-1/q) 1

Theorem. (Decay of correlation, informal)

For two CSPs (V, @, %) and (V, @, €\{c,}) (differ in one constraint) under condition above,
there exists a coupling (X, ¥) of pig\ (., and pe such that

Pr{di,,(X,Y) > K] < exp(—O(K)) .

Heg\ () - uniform distribution over solutions of (V, @, €)

He = uniform distribution over solutions of (V, @, €\{cy})



A Constraint-wise Coupling

Coupling between pig and pe el recursively fixing discrepancies

Decomposition using law of total probability: pigy (. v = He\ (¢,1(C0) * He + Her (1 TC0) * B o1 (- | 7C0)

Hea () (C0) perfectly coupled!

P\ (¢} (TC0) Now recurse!

] ; )
4 |
-
[ &
- g % . .
., E¢ g eyl \
.
.

forced assignment
due to atomicity!

sample by marginal

for the other distribution §}




A Constraint-wise Coupling

Principle of deferred decisions: overcoming non-self-reducibility

All randomness by the procedure can be identified by two independent samples:

|HSS "14]: under local lemma

regimes, X and ¥) behave
close to uniform !

Sampling by marginal distribution = Revealing local information of X and %)

Witness argument
coupling running too long = a large witness occurs (happens with very small probability)

witness for constraint-wise coupling: 2-tree [Alon 91| = pD2+061(1) <1



Constraint-wise Self-Reducibility

o) o 0
N Z() Z() Z(959)

2N
Z() o 0 0

\J

Z(ﬁ) Z() Z( 020)

=



Constraint-wise Self-Reducibility

Marginal estimator for pg (. ,(¢)) ————> Efficient counting

Dynamic sampler that updates X ~ pen (., t0 ¥ ~ pigy =———> Efficient sampling



General CSPs

Atomic CSPs

Boolean domain
(k-SAT)

large domain
(hypergraph g-coloring)

(approx) counting tractable

(approx) counting intractable

Our work

D5

(approx) counting tractable

[

[

[WYZZ ’26]

D2

D

searching intractable

|She 98, MT’10]

(approx) counting intractable searching intractable

Our work
[WYZZ ’26]

Our work

[She ’98, MT’10]

[She ’98, MT’10]

[LWYZZ ’26]




Our Results: A Counting LLL

Condition. (Counting LLL condition)

® = (V, @, ¢)is an atomic CSP satisfying
4e-p-(D+ 1) < 1.

Theorem. (A Counting LLL)

We give poly-time counting algorithms for CSPs satisfying condition above.
Deterministic approximate counting: running time nP°Y%-D:log )

Randomized approximate counting: running time poly(k, D, q) - n*.

Tight up to constants!



The 2-Iree Structure

Definition. (2-Tree)
A 2-tree (in the dependency graph of CSP) is a set of constraints 7' C 6 that:

(Independence): T is an independent set in G(6)

(Connectivity in square graph): 1’ is connected in Gz(%);

G(¥): dependency graph with vertex set €, two constraints connected by
an edge if there share at least one variable

Hardness reduction in [BGGGS "19]:

achievable by 2-trees




The 2-Iree Expansion

Marginal violation probability: rcg . = Pr[ ¢y | B\ {cy}]

Inclusion-exclusion: r, . = Z E L ) /\ —C
- Pr[f‘g\{co}]
CoELYCE cEY

Idea: group each & through greedily constructing a canonical 2-tree Tree(%)

Algorithm 1: Treec ., (D): Construction of a canonical 2-tree

Input :A constraint set ) C C containing cy.

Output: A 2-tree T in G(C) containing ¢y and satisfying T C D.
1 Initialize R «— 0, T « {co};
2 while Jc € C \ R such thatdistgc)(c,T) =2 do

3 Let ¢ be the lowest-index constraint satistying the above condition;

4 if c € D then

5 L T «—TU/{c}; // accepted set
6 else

7 L R «— RU{c}; // rejected set

8 return 7;




The 2-Iree Expansion

Canonical 2-tree Tree(D)

Constraint family C

c3 vV cqy X cs v cy Vv

- === distance 2in G

c; @
[
I
ii
Il
I
il

greedy; fixed order
C7 ‘ C4
O X

rejected

, T = {cp,c3,C5,Cr}

independent in G'; connected in G2

c; @
. D = {CO7C3705767}



The 2-Iree Expansion

Marginal violation probability: rg . = Pr[ ¢y | B\ {cy}]

|
Inclusion-exclusion: I'g.co = Z E L ) [ /\ —Ic]

Pr{\{co}] CEDCE cED

Idea: group each & through greedily constructing a canonical 2-tree Tree(%)

2-tree expansion: 'z ¢ D [Cgi{ Y Z Z (_1)I9|—1Pr l/\ —uc]
I Co

Tegfg,co CEYDCE cEY
Tree(D) =T



The 2-Iree Expansion

2-tree expansion: r¢ . = 5 [%i{ X Z Z (= 1)!2I=1pr l/\ —lc]
I Co

TeZyp ., 0 € P CE CED
Tree(D) =T

Lemma. (Canonical 2-tree inversion)

Let € be a constraint set and let ¢y € €. For every T € zcg,CO,

(DCECE|cye D, Tree(D)=T} ={SUT | S Ctree(T)}.

recursion: re . = Pr[%i{co}] Z (= DIT-1pyp l /\ -c | free(T)] H

L1l —=r
TeXy,., cET i G



The 2-Iree Expansion

2-tree expansion: r¢ . = 5 [%i{ X Z 2 (—1)IZI=1py l/\ —lc]
I Co

TeZyp ., 0 € P CE CED
Tree(D) =T

Lemma. (Canonical 2-tree inversion)

Let € be a constraint set and let ¢y € €. For every T € ‘lqg,%,

(DCECE|cye D, Tree(D)=T} ={SUT | S Ctree(T)}.

recursion: re . = Pr[%i{co}] Z (= DIT-1pyp l /\ -c | free(T)] H

L1l —=r
Teq,, cET i G

Correlation decay of the recursion —= pD?* < 1

Truncation = deterministic counting Recursive Estimator = randomized counting



Summary

Our Results: Fast Sampling for General CSPs Our Results: Sampling LLL for Large Domain
We obtain the first efficient sampling algorithm for general CSPs under Condition. (Condition for sampling/counting atomic CSPs)
LLL regime with improved condition [He, W., Yin,’22, 23] D= (7, 1) T em oo G Sagsggfli et
Improved condition Near-linear running time
150e% - g% - k- (D+ 1) < 1 poly(q, k, D) - nlog n expected

Theorem. (Sampling/Counting atomic CSPs for large domain sizes)

g: domain size  k : constraint width n = | V| : number of variables

We give poly-time sampling/counting algorithms for atomic CSPs satisfying condition above.

Running time: nPol(&D:logg)

Our Results: A Counting LLL

Condition. (Counting LLL condition)
®d = (V, @, ¥) is an atomic CSP satisfying
4e-p-(D+1)° < 1.

Theorem. (A Counting LLL)

We give poly-time counting algorithms for CSPs satisfying condition above.
Deterministic approximate counting: running time nP°Y&D-0g9).

Randomized approximate counting: running time poly(k, D, q) - n?



The Road Ahead

(approx) counting tractable (approx) counting intractable

1/4e 4e?

What is the critical threshold?
What happens at the critical threshold?



The Road Ahead




The Road Ahead

T'’he asymptotic enumeration of objects of a given type trequently goes hand 1n
hand with the problem of generating the same objects uniformly at random, and
with finding some of the imiting probabilities in the resulting probability space
(see Jerrum and Sinclair [58]). However, the two problems are not equivalent.



The Road Ahead

Decision: # > (? Search: Find a solution

(Approx) Counting: sampling: Find an
Estimate # almost-uniform solution

The world diverges?



The Road Ahead

constraint languages Lovasz Local Lemma

REE N e I A AN R .

More characterizations?
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He-W.-Yin ‘22] Sampling Lovasz Local Lemma for general constraint satisfaction solutions in near-linear time. FOCS ’22

He-W.-Yin 23] Deterministic counting Lovasz local lemma beyond linear programming. SODA ’23

W.-Yin '24] A Sampling Lovasz Local Lemma for Large Domain Sizes. FOCS 24
[Liu-W.-Yin-Zhang-Zhou '26] A Counting Lovasz Local Lemma. arXiv preprint:2608.08616



