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Variables:  with finite domains  for each 


Constraints:  with each  defined on 


satisfied, not satisfied}


CSP solution:  assignment  s.t. all constraints are satisfied


V = {v1, v2, …, vn} Qv v ∈ V
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Constraint Satisfaction Problem
Φ = (V, Q, 𝒞)
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Constraint satisfaction is a subject of  central significance in computer science, 
since a very large number of  combinatorial problems, starting from Boolean 
Satisfiability and Graph Coloring, can be phrased as constraint satisfaction 
problems (CSP). 

                                                     ——2021 Gödel Prize official citation

“
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Φ = (x1 ∨ ¬x2 ∨ x3) ∧ (¬x1 ∨ ¬x5 ∨ ¬x6) ∧ (x3 ∨ ¬x4 ∨ ¬x5)

Graph Coloring
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Logic Puzzles

Constraint Satisfaction Problem



CSP in TCS
A leitmotif of TCS: What makes a problem computationally easy/hard?

Decision problem: 
Can we efficiently decide  

if CSP has a solution?

Cook-Levin Theorem:  Boolean satisfiability is NP-complete
Turing Award 1982, foundation of computational complexity

CSP Dichotomy Theorem:  Every CSP( ) is either in P or NP-completeΓ
characterized through algebraic properties of constraint languages Γ



A leitmotif of TCS: What makes a problem computationally easy/hard?

    Optimization problem: 
Can we efficiently  

approximately compute a solution?

PCP Theorem: foundation of hardness of approximation

Gödel Prize 2001, 2019

Raghavendra’s Theorem (informal): Assuming the UGC, a canonical SDP 
characterizes the optimal approximation ratio of every finite-domain CSP.

CSP in TCS



A leitmotif of TCS: What makes a problem computationally easy/hard?

    Exact Counting problem: 
 Can we efficiently count  

  the number of solutions?

Gödel Prize 2021

Counting Dichotomy Theorem: Every #CSP( ) is either in FP or #P-complete.Γ

Toda’s Theorem: PH⊆P#P

Gödel Prize 1998

CSP in TCS



A leitmotif of TCS: What makes a problem computationally easy/hard?

    Approximate Counting problem: 
 Can we efficiently estimate  
  the number of solutions?

Our focus!

CSP in TCS



A leitmotif of TCS: What makes a problem computationally easy/hard?

    Approximate Counting problem: 
 Can we efficiently estimate  
  the number of solutions?

Our focus!

Almost Uniform 
Sampling 

Approximate 
Counting

self-reduction
[Jerrum, Valiant, Vazirani 1986]

adaptive simulated annealing
[Štefankovič, Vempala, Vigoda 2009]

Equivalent to almost uniform sampling for self-reducible problems
Gödel Prize 1996, “Markov chain renaissance”
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A leitmotif of TCS: What makes a problem computationally easy/hard?

    Approximate Counting problem: 
 Can we efficiently estimate  
  the number of solutions?

Our focus!

Almost Uniform 
Sampling 

Approximate 
Counting

self-reduction
[Jerrum, Valiant, Vazirani 1986]

adaptive simulated annealing
[Štefankovič, Vempala, Vigoda 2009]

Equivalent to almost uniform sampling for self-reducible problems
Gödel Prize 1996, “Markov chain renaissance”

Boolean Approximate Counting Trichotomy Theorem: 
Every Boolean #CSP( ) is: 1. in FP 2.  #BIS-equivalent 3. #SAT-equivalentΓ

#BIS: approximately counting # of  
independent sets in a bipartite graph

CSP in TCS



Variable framework 
• each  draws from  uniformly 

and independently at random


• product distribution 


 

v ∈ V Qv

𝒫

Lovász Local Lemma
Φ = (V, Q, 𝒞) Parameters 

•  violation probability  

• dependency degree 

  

p = max
c∈𝒞

Pr
𝒫

[¬c]

D = max
c∈𝒞

|{c′￼∈ 𝒞∖{c} ∣ 𝗏𝖻𝗅(c) ∩ 𝗏𝖻𝗅(c′￼) ≠ Ø} |
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Proof by probabilistic method…
Solution can be exponentially sparse! Finding needle in a haystack?



Variable framework 
• each  draws from  uniformly 

and independently at random


• product distribution 


 

v ∈ V Qv

𝒫

ep(D + 1) ≤ 1
Lovász Local Lemma

[Erdos, Lovász ’75]

A CSP solution exists 
and can be efficiently found!Algorithmic Lovász Local Lemma


[Moser, Tardos ’10]

Gödel Prize 2020


Φ = (V, Q, 𝒞) Parameters 
•  violation probability  

• dependency degree 

  

p = max
c∈𝒞

Pr
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Counting/Sampling Lovász Local Lemma
Counting LLL: approximately count the number of CSP solutions
Sampling LLL: almost uniformly sample a random CSP solution under LLL-like conditions

pDc ≲ 1



Counting/Sampling Lovász Local Lemma
Counting LLL: approximately count the number of CSP solutions
Sampling LLL: almost uniformly sample a random CSP solution under LLL-like conditions

pDc ≲ 1

Applications:

statistical physics probabilistic inference high-dimensional integration 



Counting LLL: approximately count the number of CSP solutions
Sampling LLL: almost uniformly sample a random CSP solution under LLL-like conditions

pDc ≲ 1

[Bezáková, Galanis, Goldberg, Guo, Štefankovič ’16]:  for monotone CNF
[Galanis, Guo, Wang ’23]:  for hypergraph colorings

pD2 ≳ 1
pD2 ≳ 1

Counting/Sampling is inherently harder!

Counting/Sampling Lovász Local Lemma



Challenges for LLL Distribution

Non-self-reducibility: LLL condition may degrade after pinning



Connectivity Barrier: The state space is not connected

                                                      
  ——Mathematics and Computation [Wigderson ‘20]

“ The solution space (and hence the natural Markov chain) is not connected.

Challenges for LLL Distribution



Weak Spatial Mixing (WSM): ∀σ, τ ∈ 𝒬Λ : |μσ
v − μτ

v |TV ≤ δ(distG(v, Λ))

: marginal probability of  conditioning μσ
v v

Strong Spatial Mixing (SSM): ∀σ, τ ∈ 𝒬Λ that differ on Δ : |μσ
v − μτ

v |TV ≤ δ(distG(v, Δ))

Challenges for LLL Distribution



Failure of Spatial Mixing: (old notions) of correlation decay does not hold

Weak Spatial Mixing (WSM): ∀σ, τ ∈ 𝒬Λ : |μσ
v − μτ

v |TV ≤ δ(distG(v, Λ))

: marginal probability of  conditioning μσ
v v

Strong Spatial Mixing (SSM): ∀σ, τ ∈ 𝒬Λ that differ on Δ : |μσ
v − μτ

v |TV ≤ δ(distG(v, Δ))

long-range dependencies exist 
         when D = O(k)

Challenges for LLL Distribution



Counting LLL: approximately count the number of CSP solutions
Sampling LLL: almost uniformly sample a random CSP solution under LLL-like conditions

pDc ≲ 1

[Moitra ’17]:  for -CNF
[Guo, Liao, Lu, Zhang ’18]:  for hypergraph coloring
[Hermon, Sly, Zhang ’19]:  for monotone -CNF, fast sampler
[Feng, Guo, Yin, Zhang ’20]:  for -CNF, fast sampler
[Feng, He, Yin ’21]:  for atomic CSPs, fast sampler
[Jain, Pham, Vuong ’21b]:  for general CSPs
[Jain, Pham, Vuong ’21a, He, Sun, Wu ’21]:  for atomic CSPs, fast sampler

pD60 ≲ 1 k
pD14 ≲ 1

pD2 ≲ 1 k
pD20 ≲ 1 k

pD350 ≲ 1
pD7 ≲ 1

pD5.71 ≲ 1

Counting/Sampling Lovász Local Lemma



Previous efficient algorithms: require additional assumptions

Technique: Projection + MCMC
[Feng, Guo, Yin, Zhang ’20] 

[Feng, He, Yin ’21] 
[Jain, Pham, Vuong ’21a] 

[He, Sun, Wu ’21]

works for atomic CSPs:  
c−1(𝖥𝖺𝗅𝗌𝖾) = Constant

[Moitra ’17] 
[Guo, Liao, Lu, Zhang ’18] 
[Jain, Pham, Vuong ’21b] 

Technique: Coupling + LP

works for sparse CSPs:  
D = Constant



Previous efficient algorithms: require additional assumptions

Technique: Projection + MCMC
[Feng, Guo, Yin, Zhang ’20] 

[Feng, He, Yin ’21] 
[Jain, Pham, Vuong ’21a] 

[He, Sun, Wu ’21]

works for atomic CSPs:  
c−1(𝖥𝖺𝗅𝗌𝖾) = Constant

[Moitra ’17] 
[Guo, Liao, Lu, Zhang ’18] 
[Jain, Pham, Vuong ’21b] 

Technique: Coupling + LP

works for sparse CSPs:  
D = Constant

Can we efficiently count/sample general CSP solutions?



Our Results: Fast Sampling for General CSPs
We obtain the first efficient sampling algorithm for general CSPs under

 LLL regime with improved condition [He, W., Yin,’22, 23] 

Near-linear running timeImproved condition

Remains the only efficient sampling algorithm for general CSPs up to date. 

150e3 ⋅ q2 ⋅ k ⋅ (D + 1)5 ≤ 1  expectedpoly(q, k, D) ⋅ n log n

Based on a non-Markov chain based new recursive sampling technique [Anand, Jerrum ’23]

: domain size       constraint widthq k :    number of variablesn = |V | :



Freezing Constraints
Freeze (lock all its variables) a constraint once its violation prob. exceeds   p′￼ > p

Ensures self-reduciblity for a weaker LLL parameter p′￼

First used in [Bec ’91] for algorithmic LLL (finally leads to pD4 ≲ 1)



Freezing Constraints
Freeze (lock all its variables) a constraint once its violation prob. exceeds   p′￼ > p

Witness argument 
algorithm running too long  a large witness occurs (happens with very small probability)⟹

previous witness: -tree [Jain, Pham, Vuong ’21] {2,3} ⟹ pD7 ≲ 1

denser witness: generalized -tree [He, W., Yin, ’23] {2,3} ⟹ pD5 ≲ 1



Freezing Constraints
Freeze (lock all its variables) a constraint once its violation prob. exceeds   p′￼ > p

We believe that our analysis lays bare the limits of  this (freezing) approach … even 
for the algorithmic LLL, -trees only lead to  instead of  , and being able to 
use “denser witness trees” was the major innovation in the works of  Moser [Mos ’09] 
and Moser and Tardos [Moser, Tardos ’10]. 

      ——Jain, Pham and Vuong. Towards the sampling Lovász Local Lemma, STOC ‘21

{2,3} D4 D“
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Our Results: Sampling LLL for Large Domain

Theorem. (Sampling/Counting atomic CSPs for large domain sizes)
We give poly-time sampling/counting algorithms for atomic CSPs satisfying condition above.


Running time:  
npoly(k,D,log q)

Condition. (Condition for sampling/counting atomic CSPs)

(8e)3 ⋅ p ⋅ (D + 1)2+ζ ≤ 1,
 is an atomic CSP satisfyingΦ = (V, 𝒬, 𝒞)

where ζ =
2 ln(2 − 1/q)

ln q − ln(2 − 1/q)
= oq(1)



(A new form of) Decay of Correlation

Theorem. (Decay of correlation, informal)
For two CSPs   and  (differ in one constraint) under condition above, 
there exists a coupling  of  and  such that

(V, 𝒬, 𝒞) (V, 𝒬, 𝒞∖{c0})
(X, Y) μ𝒞∖{c0} μ𝒞

Pr[dHam(X, Y) ≥ K] ≤ exp(−O(K)) .

 : uniform distribution over solutions of μ𝒞∖{c0} (V, 𝒬, 𝒞)
 : uniform distribution over solutions of μ𝒞 (V, 𝒬, 𝒞∖{c0})

Condition. (Condition for sampling/counting atomic CSPs for large domain sizes)

(8e)3 ⋅ p ⋅ (D + 1)2+ζ ≤ 1,
 is an atomic CSP satisfyingΦ = (V, 𝒬, 𝒞)

where ζ =
2 ln(2 − 1/q)

ln q − ln(2 − 1/q)
= oq(1)



A Constraint-wise Coupling

Pr[dHam(X, Y) ≥ K] ≤ exp(−O(K)) .

Coupling between  and  : recursively fixing discrepancies 

Decomposition using law of total probability: 

μ𝒞 μ𝒞∖{c0}

μ𝒞∖{c0} = μ𝒞∖{c0}(c0) ⋅ μ𝒞 + μ𝒞∖{c0}(¬c0) ⋅ μ𝒞∖{c0}( ⋅ ∣ ¬c0)



A Constraint-wise Coupling

Witness argument 
coupling running too long  a large witness occurs (happens with very small probability)⟹

witness for constraint-wise coupling: 2-tree [Alon ’91] ⟹ pD2+oq(1) ≲ 1
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Marginal estimator for  μ𝒞∖{c0}(c0) Efficient counting

Dynamic sampler that updates  to X ∼ μ𝒞∖{c0} Y ∼ μ𝒞 Efficient sampling
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Our Results: A Counting LLL

Theorem. (A Counting LLL)
We give poly-time counting algorithms for CSPs satisfying condition above.

Deterministic approximate counting: running time ;

Randomized approximate counting: running time .


npoly(k,D,log q)

poly(k, D, q) ⋅ n2

Condition. (Counting LLL condition)

4e ⋅ p ⋅ (D + 1)2 ≤ 1.
 is an atomic CSP satisfyingΦ = (V, 𝒬, 𝒞)

Tight up to constants!



The 2-Tree Structure
Definition. (2-Tree) 

A 2-tree (in the dependency graph of CSP) is a set of constraints  that: 


(Independence):  is an independent set in  


(Connectivity in square graph):  is connected in ;

T ⊆ 𝒞

T G(𝒞)

T G2(𝒞)
: dependency graph with vertex set , two constraints connected by

an edge if there share at least one variable
G(𝒞) 𝒞

Hardness reduction in [BGGGS ’19]:


achievable by -trees2



The 2-Tree Expansion
Marginal violation probability: r𝒞,c0

≜ Pr[¬c0 ∣ 𝒞∖{c0}]

Inclusion-exclusion: r𝒞,c0
=

1
Pr[𝒞∖{c0}] ∑

c0∈𝒟⊆𝒞

(−1)|𝒟|−1Pr [ ⋀
c∈𝒟

¬c]
Idea: group each  through greedily constructing a canonical 2-tree 𝒟 𝖳𝗋𝖾𝖾(𝒟)
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The 2-Tree Expansion
Marginal violation probability: r𝒞,c0

≜ Pr[¬c0 ∣ 𝒞∖{c0}]

Inclusion-exclusion: r𝒞,c0
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Pr[𝒞∖{c0}] ∑
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(−1)|𝒟|−1Pr [ ⋀
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¬c]

2-tree expansion: r𝒞,c0
=

1
Pr[𝒞∖{c0}] ∑

T∈𝔗𝒞,c0

∑
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𝖳𝗋𝖾𝖾(𝒟) = T
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¬c]
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The 2-Tree Expansion

2-tree expansion: r𝒞,c0
=

1
Pr[𝒞∖{c0}] ∑

T∈𝔗𝒞,c0

∑
c0 ∈ 𝒟 ⊆ 𝒞
𝖳𝗋𝖾𝖾(𝒟) = T

(−1)|𝒟|−1Pr [ ⋀
c∈𝒟

¬c]

recursion: r𝒞,c0
=

1
Pr[𝒞∖{c0}] ∑

T∈𝔗𝒞,c0

(−1)|T|−1Pr [ ⋀
c∈𝒯

¬c ∣ free(T)]∏
i

1
1 − r𝒞i,ci

Lemma. (Canonical 2-tree inversion) 

Let  be a constraint set and let . For every , 𝒞 c0 ∈ 𝒞 T ∈ 𝔗𝒞,c0

{𝒟 ⊆ 𝒞 ∣ c0 ∈ 𝒟, 𝖳𝗋𝖾𝖾(𝒟) = T} = {S ∪ T ∣ S ⊆ free(T)} .



The 2-Tree Expansion

2-tree expansion: r𝒞,c0
=

1
Pr[𝒞∖{c0}] ∑

T∈𝔗𝒞,c0

∑
c0 ∈ 𝒟 ⊆ 𝒞
𝖳𝗋𝖾𝖾(𝒟) = T

(−1)|𝒟|−1Pr [ ⋀
c∈𝒟

¬c]

recursion: r𝒞,c0
=

1
Pr[𝒞∖{c0}] ∑

T∈𝔗𝒞,c0

(−1)|T|−1Pr [ ⋀
c∈𝒯

¬c ∣ free(T)]∏
i

1
1 − r𝒞i,ci

Lemma. (Canonical 2-tree inversion) 

Let  be a constraint set and let . For every , 𝒞 c0 ∈ 𝒞 T ∈ 𝔗𝒞,c0

{𝒟 ⊆ 𝒞 ∣ c0 ∈ 𝒟, 𝖳𝗋𝖾𝖾(𝒟) = T} = {S ∪ T ∣ S ⊆ free(T)} .

Correlation decay of the recursion ⟹ pD2 ≲ 1
Truncation  deterministic counting⟹ Recursive Estimator  randomized counting⟹



Summary



The Road Ahead

What is the critical threshold? 
What happens at the critical threshold? 

pD2

[GGW ’23]Our work

4e21/4e

(approx) counting tractable (approx) counting intractable



The Road Ahead



The Road Ahead

The asymptotic enumeration of  objects of  a given type frequently goes hand in 
hand with the problem of  generating the same objects uniformly at random, and 
with finding some of  the limiting probabilities in the resulting probability space 
(see Jerrum and Sinclair [58]). However, the two problems are not equivalent. 

                                 ——N. C. Wormald. Models of random regular graphs

“



The Road Ahead

The world diverges?

Decision: # ?> 0

(Approx) Counting: 
       Estimate #

Search: Find a solution

Sampling: Find an 
almost-uniform solution



The Road Ahead

“横看成岭侧成峰，远近高低各不同。” 

constraint languages Lovász Local Lemma

CSP

More characterizations?



Thank you!

[He-W.-Yin ’23] Deterministic counting Lovász local lemma beyond linear programming. SODA ’23
[He-W.-Yin ‘22] Sampling Lovász Local Lemma for general constraint satisfaction solutions in near-linear time. FOCS ’22

[W.-Yin ’24] A Sampling Lovász Local Lemma for Large Domain Sizes. FOCS ’24
[Liu-W.-Yin-Zhang-Zhou ’26] A Counting Lovász Local Lemma. arXiv preprint:2608.08616
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